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LetICR=k[X,,.. . , X,] be the ideal of a set of points XC P”, let D E R be a form of degree 
d and set Y = {P E X 1 D(P) = 0). We examine the relationship between the Hilbert functions 
of the coordinate rings of X, x\Y and Y and determine conditions on the Hilbert function of 
Rl(D, I) which ensure that the ideal of Y is (0, I). 
We also show that if X is the complete intersection of a curve of a degree a with a curve of 
degree 6, and if 9 is any curve of degree d passing through a + (6 - l)(d - 1) + 1 pcints of X, 
then 53 passes through db points of X. 
Introduction 
Let X be a set of s distinct points in P” = P”(k) (k an algebraically closed field) 
and let Y = 2 n X, where 9 C P” is a hypersurface of degree d. In this paper we 
examine the relationship between the Hilbert functions of X, Y and X\Y. 
If R = @.zo Ri is the homogeneous coordinate ring of P”, I C R is the ideal of 
X and Y = {P E X 1 D(P) = O}, where D E R, is the form which defines I, then a 
simple argument shows (see Section 3) that 
0 * H(RII, i) = H(RI(I : D), i - d) + H(RI(D, I), i) , 
for all i E Z, where H(A, -) denotes the Hilbert function of the standard graded 
k-algebra A. 
The ideal of X\ Y is (I : D), but the ideal of Y is not, in general, (D, I). Our 
aim in this paper is to give conditions on D and the Hilbert functions of R/Z and 
Rl( D, I) which ensure that 1(Y) = (D, I). In doing so we extend a result of Davis 
PI . 
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Also, using only basic properties of the Hilbert function of points in P’, we 
show that if X is the complete intersection of a curve of degree a with a curve of 
degree b and 9 is a curve of degree d that passes through a + (b - l)(d - 1) + 1 
points of X, then 9~ passes through exactly bd points of X. 
Throughout, k will denote an algebraically closed field and R = k[ X0, . . . , Xn] 
(n L: 2) will denote the homogeneous coordinate ring of P’” = P”(k). We usually 
write R = @jz0 Ri, where Ri denotes the ( i x” )-dimensional k-space of forms of 
degree i in R, to emphasize that R is a (naturally) graded k-algebra. By ‘I is an 
ideal in R’ we mean ‘I = ejpO Zi is a homogeneous ideal in R’. For any algebraic 
subset V C P”, Z(V) C R will denote the ideal of V, that is, I(V) is the largest 
ideal defining V as a subscheme of P”. 
By ‘dimension’ of a ring, we mean ‘Krull dimension’ and we 
denote Cohen-Macaulay. An ideal I C R is said to be perfect if 
ring. 
For any ideal I C R, we set 
P(Z, r) = min{ t 1 height J, r: r} , 
where JI is the ideal generated by U := 1 Ii. 
use ‘C-M’ to 
Rii is a C-M 
We usually set a(Z) = P(1,l) and p(I) = P(Z, 2). If Z is the ideal of a set of 
points XC P”, then we write (Y(X) for a(I) and p(X) for p(I). 
The following section contains the basic facts concerning Hilbert functions 
which will be used in the sequel. We refer the reader to [2] and [3] for a more 
detailed discussion. 
2. Review of lbert functions 
If A = ir(3 d4, is a graded k-algebra of finite type, then dim,A, < m, for all 
t E N. The Hilbert Function of A, H(A, -) = { H(A 3 t)},zO, is defined by 
H(A, t) = dim,A, and the difference function of A, AH(A, -) = (AH(A, t\jtzo, is 
given by 
AH(A, t) = H(A, t) - H(A, t - 1) 
(where H(A, -) = 0). We adopt the convention that H(A, i) = AH!A, i) == 0 if i is 
ive integer. Also, if A is the coordinate ring of a set of points XC Pnj then 
es write H(X, -) and AH(X, -) for H(A, -) and AH(A, -). 
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If I = @ru Ii C R is a perfect homogeneous ideal of height m 5 tt, then 
A = R/E = @__-, A i is a C-M ring of dimension 2 1, and so there is an x E A l 
which ‘s a non-zero divisor. Using this fact it is easy to establish the following 
resulr (see [2], for example): 
Propcrsition 1. Let I = isO Ii C R be a perfect ideal of height m s rz and let 
A = RII. Then: 
(1) H(A, t) 5 H(A, t + l), for all t E N. 
(2) H(A, t) = H(A, t + l)+ H(A, i) = H(A, t), for all i =Z t. 
(3) IfhtI=n,thenH(A,t)=H(A,t+l),fort%O. 
(4) If J 1 .I is a homogeneous ideal in R, then AH(A, t) 2 AH(RiJ, t), for all 
EO. cl 
Noting that the ideal of a set of points in P” is a perfect ideal of height n, we 
also have the following: 
Proposition 2. Let X C P” be a finite set of points and let I C R be the ideal of X. 
Then : 
(1) H(RIZ. t) = 1x1, for t 90. 
(2) If Y C X is a set of points with ideal J C R, then AH(Y, i) I AH(X, i), for 
all i10. 
Proof. (1) is a well-known fact from multiplicity theory (see [4, 1.7.6(b)]) and (2) 
is just a restatement of Proposition l(4). 0 
If I is an ideal of height n in R, then AH(RII, i) = 0 for i % 0 and we set 
a(1) = min{ t 1 AH(RIZ, t) = O}. In the case where I is the ideal of a set of points 
XC P” we write a(X) for a(I). 
It is useful, for purposes of giving examples, to have on hand properties of the 
Hilbert function of points in P*; so for the remainder of this section X will denote 
a finite set of points in P* and I C R = k[X,, X, , X2] will denote the ideal of X. 
Proposition 3. Let cy = a(X), p = p(X) and o = a(X). Then: 
(1) AH(X, i) = i+l,forOIiCa. 
(2) AH(X, i) is nonincreasing for CY 5 i 5 o. 
(3) AH(X, i) is strictly decreasing for p - 15 i 5 o. 
Proof. See [2, 3.9a]. 0 
If I = (F, G) for some FE R, and G E R, (where a zs b), then X is said to be 
complete intersection of type (a, b) (written as X = C.I.(a, b)). It is not hard to 
show that AH(X, -) is given by 
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(i+ 1 ()(:i<a-1, 
Aff(X* ‘)= z+b-l-i 
-lG<b, 
Esi<g , 
0 i2a, 
where E = a + b - 1. Also R/Z is a Gorenstein ring [S, Chapter VI, Section 31 and 
we have the following consequence of liaison (see, also (61). 
Let 2 be a C.l.(a, 6) and set CT = a(Z) = a -I b - 1. For any 
xcz, 
AH@, i) = AH(X, i) + AH(Z\X’, u - 
oaf.. See [3, Theorem 31. 0 
The following example will be used in Section 
Exampk 5. Let X be the following set of points 
l-i). 
3. 
and let be 
er s acement of Y, Z = X U Y i5 a C. 
But Y is a CL(4.6) minus four noncollinear points. so the difference function of 
Y is 
12344420+ 
and accordingly the difference function of X is 
12345664210+. 
3. The main results 
Proposition 6. Let I = ~izo I C R be an ideal of height m (n 2 m 2 2) and let 
D E R be a form of degree d which is not in I. Then: 
(1) H(RII, i) = H(RI(D, I), i) + H(RI(I : D), i - d). 
(2) AH(RII, i) = AH(R:(D, I), i) + AH(Rl(I : D), i - d). 
Proof. (2) follows from (1) so we need only show (1). 
In the following exact sequence of R-modules 
O+ Rl(I : D)L RII” Rl(D, I)+O, 
where f((a) = Da and g(G) = a, f IS a map of degree d and g is a map of degree 0 
so 
H(RII, i) = H(RI(D, I), i) + H(RI(I : D), i - d) 
as required. Cl 
Corollary 7. Let I be the ideal of a set of points X C P” and let D E R be a form of 
degree d not in I. Let Y = (P’X 1 D(P) = O}. Then: 
(1) H(X, i) = H(RI(D, I), i) + H(X\Y, i - d). 
(2) AH(X, i) = AH(R/(D, I), i) + AH(X\Y, i - d). 
roof. If we show that I(X\ Y) = (I : D), then the result will follow by Proposi- 
tion 4. 
Suppose FE I(X\Y). Then FD(P)=O for all PEX. So FDE I+FE(I: D). 
Conversely, suppose F E (I : D). Then .rD E I which implies that FD( P) = 0 
r all P E X. But D(P) # 0 for P E Y. So F(P) = 0 for all P E X\Y and therefore 
FE I(X\Y). Cl 
remainder of the paper X C P” will denote a set of s points and I C 
eal of X. We set Q = a(X) and p = p(X). 9 will denote a 
hypersurface of degree d and Y = 9 f~ X; we use D to denote a form in R that 
defines 9. 
From Corollary 7, we have 
H(RI(D, I), t) = H(X, I) - H(X\Y, t) . 
SO for ts4, H(RljD, I). a) = IV1 The question we now 
the following: 
“What extra hypot esis is needed in C~~~~~ary 7 to ensure t 
(D, I) = I(Y)?” 
Davis has shown [ 1,4. l] that if D is the g.c.d. of the form in I of degree t 
where cy 5 t < p and AH(X, t) = AH(RI(D, l), t), then ICY) = ( . I). The follow- 
ing theorem extends Davis’ result in the case when t = & 
Suppose that 
D = g.c.d. { F E I 1 F a form ad deg F < 0) . 
If AH(X, /3) = AH(RI(D, I), /3). then I(Y) = (D, I). 
roof. Since (D, I) C Z( I’) and 1 Yf = H(RI(D, I), t) for t +O, to prove the 
theorem it suffices to show th;>; 
AH(RI(D,I),~)~LH(Y,~)zO, for all im0. 
Furthermore, since we clearly taave 
AH(RI(D, I), i) = AH(RI(D), i) zAH(Y, i) 20 
for any i < p, we only have to show that 
AH(RI(D, I) / i) 1 AH(Y, i) 2 0 
for i 2~ /3. 
bknv AH(X, p) = AH(RI(D, I), 8) implies that AH(X\Y, /3 :- d) = 0, and 
since X\ Y is a set of points we have that AH(X\Y, i) = 0 ior i :, /3 - d. 
Consequently, 
AH(RI(D. I), i) = AH(X, i) 
for i 2 p. Rut by Pro &ion 2(Z), \H(X, i) L AH( Y, i) for all i ~-0, so 
AH(Rl(D, I), i) 1 AH( Y, i) 
Example 9. Let X be the following set of eig 
/3(X) = 4 and D = g.c.d.{ F E I 1 F a form and deg F < /3). The difference func- 
tion of X\Y is 
1210-3, 
so by Corollary 7 the difference function of RI@, I) is 
llllO+. 
Since AH(RE(D, I), 4) = AH(X, 4) = 0, Proposition 6 gives I(Y) = (Lk I). 
In the examples that follow, we first show that 
D=g.c.d.{FEI( Fa form and degF<P) 
is a necessary assumption in Theorem 8, and then we show that the above 
assumption on D is not enough to give I( Y) = (D, I). 
Example 10. Let X be the following subset of a C.I. (6,9) (see also Example 5) 
“C 4 
n n n n n 
w u u e v 0-ct-)-lrJ-- Ls 
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and let D be the form that detines Uf= 1 ii. From Example 5, the difference 
ftinction of X is 
1234566421Oj 
and the difference function of X\Y is 
i220+, 
so by Corollary 7 the difference function of RI(D, I) is 
12345542210+. 
Since p(X) = 9 (any curve of degree 8 passing through X must contain L, U L, as 
a component ), we have AH(X, p) = AH(RI(D, I), p). To show that I(Y) # 
(D, I) we show that H(Y, 6) # H(RI(D, I), 6) = 24. 
Any sextic passing through Y must contain L, U L, U L, as a component; 
therefore, the number of independent sextics passing through Y is equal to the 
number of independent cubits passing through (L, U L2) n X. This number is 5, 
so H(Y, 6) = (:) - 5 = 23 # H(RI(D, I), 6). 
Example 11. (See [7, 3.2.31 for more details.) Let X be the following subset of a 
C.I.(7,9) 
and let D be the form that defines 9 = L, U L,. We have p(X) = 9 and 
D=g.c.d.{FEZI Fa form and degF<P}. 
The difference function of X is 
123436776432Oj 
and since X\ Y is a C.I.( 5.6) the difference function of X\ Y is 
12345543210+. 
So by Corollary 7, the difference function of Rl( D, I) is 
This cannot be the difference function of a set of points, so I(Y) # (D, I). 
Our next result shows that if the Hilbert function of X has the ‘right tail’, then 
D=g.c.d{FEI(Fa form and degF<,@} + I(Y)=(D,I). 
Theorem 12. Suppose that X C P’ and p(X) = b. Further suppose that the differ- 
ence function of X has the ‘tail of a C. I.(a, b)’ ; that is, 
AH(X, i) = a + b - 1 - i 
for bsisa =a+b-l,andD=g.c.d.{FEI~FaformanddegF:b). Then 
Y is a C.I.(d, b) and I(Y) = (D. I). 
Proof. The key thing to note is the fact that by Proposition 3, AH(X\Y, i - 6) is 
nonincreasing for i 2 b - 1 (since a(X\Y) = b - 1 - d) and is strictly decreasing 
for i 2 b + d (since P(X\Y) I b). This forces AH(RI(D, I), i) 2 d + b - 1 - i for 
bsi<d+b-1 and AH(RI(D,I),i)zO for i>d+b-1. So either Rl(D,I) 
has the Hilbert function of a C.I.(d, b) or 1 YI > db. But by Bezout‘s Theorem, 
lY!s db and accordingly Rl(D, I) has the Hilbert function of a C.I.(d, b). We 
therefore have that I I’1 = db. But Y is contained in a C.I.(d, b), so Y is a 
C.I.(d, b). 
From this, we have H(Y, -j = H(Rl(D I), -) and so I(Y) = (D, I). 0 
The proof of our final result does not depend on anything much more than 
Bezout’s Theorem and basic properties of the Hilbert function as cited m 
Proposition 2. 
Theorem 13. Let X = C. I.(a, b) (where a 12) and let 9 be a curve of degree 
d 5 a. If 9 passes through a + (b - l)(d - 1) + 1 points of X, then 9 passes 
through exactly db points of X. 
Proof. Let D E R, be a form which defines 9, suppose that I = I(X) = (E G), 
where F E R, and G E R, and set Y = 9 n X. 
To prove the theorem we consider the cases when a < b and a = b. We first 
note that since Y=SnXcXwe have o(Y)sa and p(Y)lb. 
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Case 1. If a c b, then either DI F, in which case (using Bezout’s Theorem) we 
have that 9 passes through exactly db points of X, or AH(Y. a) 5 d - 1. 
Now, since a(Y) I a and p(Y) 5 6, if AH( Y, a) 5 d - 1, then we have by 
Proposition 3 that 
lYl= c AH(Y, i) 
iZ(! 
d-l a-1 b-l d-2 
dC(i+l)+Cd+C(d-l)+Ci 
i=O i=d i=a i=l 
= a + (b - l)(d - 1). 
So if 9 passes through a + (b - l)(d - 1) + 1 points of X, then 9 passes through 
db points of X. 
Case 2. If a = b, then either D is a factor of some form H E I”, in which case 
(by Bezout’s Theorem) 9 passes through db points of X, or AH( Y, a) 5 d - 2. 
Now if AH(Y, a) 5 d - 2, then 
IYl= 2 AH(Y, i) 
i10 
d- 1 u-l d - 2 
~~(i+l)+~d+~i 
i=O i = d i=l 
= n + (a - l)(d - 1). 
So again, if 9 passes through a + (b - l)(d - 1) + 1 points of X, then 9 passes 
through db points of X. Thus the theorem is proved. Cl 
If we set a = b = d = 3, then the previous t!;;corcm is nothing more than the 
classical result which asserts that any cubic curve which pacses through eight of 
the nine points of intersection of two (nonsingular) cubits must pass through the 
ninth. 
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